Remarks on the thermodynamic stability of TT-bar deformations by Barbon, J. L. F. & Rabinovici, E.
ar
X
iv
:2
00
4.
10
13
8v
2 
 [h
ep
-th
]  
15
 Ju
n 2
02
0
IFT-UAM/CSIC-20-32
Remarks On The Thermodynamic Stability
Of T T¯ Deformations
Jose´ L.F. Barbo´n
†
and Eliezer Rabinovici
⋆
† Instituto de F´ısica Teo´rica IFT UAM/CSIC
C/ Nicola´s Cabrera 13, Campus Universidad Auto´noma de Madrid
Madrid 28049, Spain
jose.barbon@csic.es
⋆ Racah Institute of Physics, The Hebrew University
Jerusalem 91904, Israel
and
Institut des Hautes Etudes Scientifiques
91440 Bures-sur-Yvette, France
eliezer@vms.huji.ac.il
ABSTRACT
We point out that negative specific heat at high energies is a characteristic feature of
many T T¯ deformations, both in the original d = 2 case and in d = 1 quantum mechanical
cousins. This note is a contribution to the memorial volume in honor of P. G. O. Freund.
April 2020
1. Introduction
Peter Freund’s research reflects a lively fascination with boundaries. From time to
time physicists are faced with boundaries, be they hard such as the speed of light in empty
space, a rigorous proof that internal and space-time symmetries cannot be mixed in a non-
trivial manner, or be they warning “border ahead” type posts such as h¯ and the Planck
mass. When facing bounds physicists try to fully understand their implications but also
search for all possible ways to undermine them. They try to find ways around them, they
gauge anomalous symmetries, they would do anything to just be able to take a forbidden
glance of what may lie behind the boundaries. These excursions are many times doomed
and heavily punished, they are however handsomely rewarded in some rare cases. Be that
as it may, the temptations are out there and must be faced, not resisted.
In this note we discuss circumstances where two such bounds play a role. The main
one being the Wilsonian type of bound on the allowed classes of deformations one may
add to a well defined theory and remain within the realm of well defined theories. The
other bound is a potentially maximally allowed temperature –the Hagedorn temperature.
Let us start by considering the issue which technically goes under the warning “do not
add irrelevant operators”. Given a well defined field theory one is allowed to add to it
truly marginal as well as relevant operators, if they exist in the theory. Adding irrelevant
operators seems to endanger the proper Ultra Violet (UV) properties of the system. This
needs qualifications. Given a well defined theory in the UV, it could be asymptotically
free ab initio or we may explicitly add to it a relevant operator. Then follow the enforced
trajectory of the system all the way to the Infrared (IR), where the theory is actually well
described by a conformal system (which could be trivial) plus irrelevant operators. That
theory has a UV completion: it is the starting point of the flow. However there is an
important price to pay for this UV completion, as one returns to the UV more and more
degrees of freedom are generically added the system. The IR theory plus an irrelevant
operator does not generically make sense in the UV on its own.
An strategy to overcome the challenge issued by Wilson’s dogma is to add to a well
defined theory a very special operator, one that would ensure that the total number of
degrees of freedom in its UV completion is identical to the number of the initial degrees of
freedom. For example, in two dimensions, deforming a Conformal Field Theory (CFT) by
a truly marginal operator ensures the conservation of the number of degrees of freedom,
as measured by the central charge. The crucial question is whether a special irrelevant
operator can achieve the same feat. A proposal along these lines is the so-called T T¯
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deformation introduced by A.B. Zamolodchikov [1,2,3]. In this construction, a fine-tuned
irrelevant operator is added to a CFT in such a way that the theory remains integrable,
and the spectrum can be exactly solved as a function of the deformation parameter. In
other words, no extra UV degrees of freedom or dynamics are apparently needed, beyond
the information already present in the low energy theory. The operator that performs this
feat is roughly a ‘quasiclassical’ operator product, that is to say, it is a composite operator
appearing in a regular OPE contribution∑
αβ
CαβTα(y)Tβ(x) ∼ T T¯ (x) + derivatives . (1.1)
In this expression, the Cαβ coefficients are carefully chosen to cancel the short-distance
singularities of the T T products in the OPE limit y → x. Let us further suppose that
the expectation value of the right hand side in energy eigenstates has no dependence on
(x − y) (up to possible contact terms), so that they can be evaluated using clustering,
as quadratic functions of expectation values of the Tα operators. In d = 2, one can find
operators exhibiting these properties among the components of the energy-momentum
tensor, which ultimately leads to expectation values in energy eigenstates of the form
〈
En|T T¯ |En
〉 ∼ ∂λEn∣∣λ=0 ∼ O(E2n) , (1.2)
upon adding the dimension-four operator T T¯ to the action, with coupling λ.
The spirit of the T T¯ deformation is to go beyond leading order and use the differential
equation (1.2) to define a spectral flow at finite values of the deformation parameter λ.
Focusing, for simplicity, on the zero-momentum sector of a theory defined on a spatial
circle of radius R, one finds an explicit spectral flow given by
Fn =
1
4πRλ
(√
1 + 8πλREn − 1
)
, (1.3)
where we use the notation Fn = En(λ) for the deformed spectrum and En = En(0) for the
undeformed one. The dimensionless deformation parameter is λ = (ℓ/2πR)2, in terms of
the characteristic length scale ℓ, introduced by the perturbing operator.
The natural question is whether we actually succeeded in the Wilsonian challenge.
Is the deformed theory well defined after all? Just from the properties of the spectrum,
we notice some general constraints. If λ < 0 the spectrum becomes complex above some
high-energy threshold, indicating some sort of short-distance instability and a failure of
the Wilsonian challenge. For positive values of λ and a negative vacuum energy in the
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undeformed theory, such as one provided by a bosonic Casimir energy, the low-energy
spectrum becomes unstable for λ > 1/8πR|E0|, but no blatant pathologies occur in the
0 < λ < 1/8πR|E0| window. Considering for instance a CFT with central charge c on
the circle, its ground state energy is E0 = −c/12R, and we learn that the deformation
parameter must lie in the interval
0 < λ <
3
2πc
, (1.4)
which is quite small for large values of the central charge. This bound translates into a
minimal hierarchy between the Wilsonian length scale ℓ and the size of the circle:
ℓ
2πR
<
√
3
2πc
. (1.5)
For systems with non-negative vacuum energy, such as supersymmetric ones, there is no
immediate constraint on the size of λ, provided it is positive.
In general if the original theory has some symmetry which manifests itself in the de-
generacy of the energy levels this degeneracy is maintained by the spectral flow. This
ensures that one can redefine such a symmetry also in the deformed system. We point out
two consequences of this observation. First, if one starts off with a theory for which the
Hamiltonian must vanish when acting on all states, the deformed Hamiltonian will have the
same property with the same wave functions as the original theory. Thus such deformation
of a topological theory retains its topological features as would those of a system obeying
the Wheeler-De Witt equation. Second, if one starts off with a supersymmetric theory the
deformed theory will conserve the supersymmetric spectrum and moreover if the super-
symmetry was not spontaneously broken initially, there will be no spontaneous breaking
of supersymmetry also in the deformed symmetry. This can be seen in two ways. First the
value zero for the energy is a fixed point of the flow, and secondly the wave functions are
preserved and thus also their normalizability properties. A zero energy, normalizable wave
function, will remain a normalizable zero energy state of the deformed theory. This works
also in the opposite direction. Supersymmetry cannot be generated and a spontaneous
breaking cannot be annulled by the deformation.
A notable feature of (1.3) is the high-energy form of the flow, which gives RFn ≈√
REn/2πλ. This means that the standard Wilsonian density of states of a two-
dimensional theory is turned into a ‘stringy’ density of states. To see this, consider the
function N0(E), which counts the number of energy eigenstates below E. If the unde-
formed theory is defined by a UV fixed point of central charge c, Cardy’s formula [4] gives
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the leading high-energy asymptotic form N0(E) ≈ exp(SC(E)), where
SC(E) = 2π
√
c
3
E R (1.6)
is the so-called Cardy entropy.
For any flow E → E(λ) = F (E) without level crossings, such as (1.2), the level-
counting function after deformation N (F ) satisfies N (F (E)) = N0(E). Therefore, ex-
pressing (1.6) in terms of F we find an asymptotic high-energy spectrum of Hagedorn
type
N (F ) ∼ eF/Ts , (1.7)
with the effective Hagedorn temperature
Ts = Λℓ
√
3
2πc
, (1.8)
where we have defined the energy scale Λℓ = 1/ℓ representing the naive Wilsonian cutoff of
the undeformed theory. In deriving (1.8) we have used the previous definition λ = (ℓ/2πR)2
of UV length scale ℓ. It is interesting to notice that, for large values of the central charge,
the Hagedorn temperature is much smaller than the naive Wilsonian cutoff of the theory
Λℓ. On the other hand, the squeezing of the spectrum only turns on at F -energies larger
than
Fs = Λℓ
2πR
ℓ
≫ Λℓ , (1.9)
which becomes the relevant energy threshold in the deformed theory. Then, we have a
bound on the ratio Fs/Ts coming from the ground state stability condition (1.4):
Fs
Ts
=
√
2πc
3λ
>
2πc
3
. (1.10)
In this respect, for the model to resemble a critical string theory we need to push the defor-
mation parameter towards its upper bound and keep the central charge small. Otherwise
Ts ≪ Fs, i.e. the Hagedorn temperature is hierarchically smaller than the squeezing scale.
The emergence of a Hagedorn spectrum ultimately puts into question the physical
status of the deformed theory as a standard field theory. Perhaps it is better interpreted as
some kind of gravitational theory or effective string theory [5]. Certainly, the occurrence of
a Hagedorn density of states questions the existence of standard notions of local observables
[6] (see however [7]).
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In this note we make two observations. The first is that the Hagedorn phase of the
d = 2 T T¯ deformation is ultimately thermodynamically unstable when the seed theory is
conformal. This means that a UV completion into a thermodynamically stable phase will
tend to hide the Hagedorn phase behind the latent heat of a first-order phase transition.
Our second observation is that quantum mechanical (QM) versions of the T T¯ story (for-
mally the d = 1 case) also have a tendency to show the same pattern: if the deformation
is defined at all at high energies, it tends to produce a high-energy accumulation of lev-
els, resulting in a negative specific heat. This suggests that the deformed QM theory is
non-local in a strong sense.
2. Thermodynamic Instability Of T T¯ -deformed CFTs
When confronted with a Hagedorn spectrum at high energies, a natural question is
whether the Hagedorn temperature is actually ‘limiting’ in the thermodynamical sense, or
rather suggests the existence of a first-order phase transition. To settle this question one
examines the microcanonical entropy function, defined by
S(E) = log N (E) , (2.1)
with N (E) as the level-counting function which counts the number energy eigenstates Eα
below a given energy E,
N (E) = Tr θ(E −H) =
∑
α
θ(E − Eα) , (2.2)
where θ stands for the Heaviside step function and we assume discreteness of the energy
spectrum. The level counting function is related to the density of states Ω(E) by the
formula
Ω(E) =
dN
dE
= Tr δ(E −H) =
∑
α
δ(E −Eα) . (2.3)
The density of states can be computed as an inverse Laplace transform of the canonical
partition function:
Z(β) = Tr e−βH =
∫
dEΩ(E) e−βE , Ω(E) =
∫
Γ
dβ
2πi
eβE Z(β) , (2.4)
where the contour Γ runs parallel to the imaginary axis, to the right of all singularities of
Z(β). Approximate evaluations of Ω(E) through (2.4) often give smooth approximations
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of Ω(E) and thus S(E). From these smooth thermodynamical functions we may calculate
the microcanonical temperature 1
T (E) =
(
∂S
∂E
)−1
. (2.5)
The monotonicity of T (E) determines the thermodynamic stability. Namely the sign of
the specific heat coincides with the sign of dT/dE. A monotonically increasing T (E)
gives positive specific heat and a thermodynamical equivalence between canonical and
microcanonical ensembles. On the other hand, if a system with negative specific heat is
embedded in a UV completion with positive specific heat, one expects a first-order phase
transition as a function of the temperature, with a critical temperature somewhat below the
maximum of the T (E) function. In this situation one has a sort of ‘Maxwell construction’
whereby the system jumps between the two thermodynamically stable bands with a finite
latent heat (cf. Figure 1).
T(E)
E
Tc
ΔE
Figure 1: Schematic representation of a system with a band of negative specific heat (decreasing
microcanonical temperature T (E)) bounded by standard bands of positive specific heat. If one
uses the temperature as control parameter, the system minimizes free energy by jumping to the
high-energy phase at a critical temperature Tc. The energy jump ∆E defines the latent heat of
the first-order phase transition.
1 We chose to define the entropy (2.1) with maximal coarse-graining in energy (cf. for instance
[8]), in order to have the simplest mathematical relation to the density of states. Other definitions
are possible, where one replaces θ(E −H) with a window function supported on a narrow energy
interval around E, with width ∆E . For a sufficiently small ∆E , we can then approximate the
band dimension as N∆ ≈ ∆E Ω(E) and define a band-microcanonical entropy S∆(E) = logN∆.
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A large class of systems have high-energy densities of states of the form
Ω(E) =
A
µ
eSµ(E)
Sµ(E)δ
(1 +O(1/Sµ)) , (2.6)
where A and δ are positive constants and Sµ(E) = (E/µ)
α with µ some pivot energy scale
and α > 0. For any such system, one finds
N (E) = A
α
eSµ(E)
Sµ(E)γ
(1 +O(1/Sµ)) , γ = δ + 1− 1
α
, (2.7)
and the microcanonical temperature admits the high energy expansion 2
T (E) =
µ
α
(
E
µ
)1−α (
1 + γ
( µ
E
)α
+ . . .
)
. (2.8)
The specific heat is proportional to 1 − α, so that any system with α < 1 is thermo-
dynamically stable at high energies, a characteristic example being relativistic QFT in d
spacetime dimensions, which has α = (d − 1)/d. In particular α = 1/2 for d = 2, which
implies γ = δ − 1 in this case.3 Conversely, Schwarzschild black holes in d spacetime di-
mensions have α = (d− 2)/(d− 3) > 1, a characteristic example of a thermodynamically
unstable system.
The marginal case, α = 1, is the Hagedorn spectrum with Hagedorn temperature
Ts = µ. Its thermodynamic stability depends on the sign of the subleading parameter
γ, which in this case (and only in this case) coincides with δ. Namely a positive (nega-
tive) value of γ corresponds to a negative (positive) specific heat in the Hagedorn band.
In a system possessing a Hagedorn spectrum with positive specific heat, the Hagedorn
temperature is physically a maximal temperature and the given description is in princi-
ple self-consistent. On the other hand, with γ < 0 the Hagedorn temperature is slightly
surpassed and approached from above at high energies. As indicated above, the result-
ing physical picture depends very sensitively on whether there exist UV completions with
positive specific heat (cf. [9,10] for a review adapted to the context of Hagedorn phases).
2 The distinction between the exponents γ and δ is largely based on our definition of entropy
in (2.1), which we chose to be independent of any arbitrary band-binning ∆E . Should we use a
narrow-window definition, with S∆(E) ≈ log(∆EΩ(E)), the role of γ below would be played by
the parameter δ. This freedom of definition will have no effect on our qualitative conclusions,
which shall depend only on the positive sign of either γ or δ.
3 The case of quantum mechanics, formally corresponding to d = 1, has T (E) ∝ E at high
energies (cf. Appendix C).
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From the definition (2.1) and the condition of regular spectral flow N (F (E)) = N0(E),
we deduce the functional relation S(F (E)) = S0(E), which implies
T (F ) = F ′(E)T0(E) (2.9)
for the microcanonical temperatures (here the prime denotes derivative with respect to
E).
In computing T (F ) from (2.9), we focus on a unitary CFT as the undeformed system.
It turns out that, in estimating the high energy behavior of T (F ), it is essential to keep
track of the logarithmic corrections to Cardy’s formula (1.6). Following [11,12], we have
S0(E) = SC(E)− γ logSC(E) +O(E0) , (2.10)
as E →∞, with SC(E) = 2π
√
cE/3 and γ a positive constant. Here and in what follows
we choose units so that R = 1.
For simplicity, we begin by focusing on the zero-momentum sector, for which the
deformation map (1.3) is the simplest. When the undeformed system is a compact, unitary
CFT with discrete spectrum of conformal dimensions, this corresponds to the choice
γ
∣∣
P=0
= 2 , (2.11)
a result which we review in the Appendix 1, where we also explain how γ gets modified
in some examples of non-compact CFTs. At any rate, we keep an indefinite value of the
coefficient γ in what follows. The P = 0 microcanonical temperature of the undeformed
theory takes the form
T0(E)
∣∣
P=0
= TC(E)
(
1 +
γ
SC(E)
+O(1/S2C)
)
, (2.12)
at energies E ≫ 1, where
TC(E) =
3
2π2c
SC(E) . (2.13)
From the spectral flow formula (1.3) we obtain
F ′(E) =
1√
1 + 8πλE
=
1
1 + 4πλF
=
Fs
2F
(
1 +
Fs
2F
)−1
. (2.14)
Finally, inverting the spectral flow to write all expressions in terms of F ,
E = F + 2πλF 2 =
F 2
Fs
(
1 +
Fs
F
)
, SC(E) =
F
Ts
√
1 +
Fs
F
, (2.15)
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we are led to the final result
T (F )
∣∣
P=0
= Ts
√
1 + FsF
1 + Fs
2F
1 + γTs
F
1√
1 + FsF
+O(T 2s /F
2)
 , (2.16)
which can be expanded for F ≫ Fs to obtain
T (F )
∣∣
P=0
= Ts
(
1 + γ
Ts
F
− F
2
s
8F 2
− γ
2
TsFs
F 2
+O(T 2s /F
2)
)
. (2.17)
In this expression, we have written the second-order corrections hierarchically, taking into
account that Ts < Fs and the fact that we may even have Ts ≪ Fs for large values
of the central charge (cf. Eq. (1.10)). In any case, we stress that (2.17) applies for
F ≫ Fs, which is the region where the spectral squeezing takes place. For F < Fs the
microcanonical temperature is well-approximated by the CFT one (2.12).
The dominant correction to the constant Hagedorn temperature is linear in 1/F and
induces a decreasing microcanonical temperature, i.e. a negative heat capacity. We notice
that this term comes from the logarithmic correction to the Cardy formula. Had we ignored
this term, the corrections of order F 2s /F
2, coming entirely from the spectral deformation
(1.3), would have produced a positive specific heat. In fact, for the case of γ = O(1) and
large central charge, a transient opens up in the interval Fs ≪ F ≪ O(F 2s /Ts) ∼ O(c Fs),
where the specific heat is indeed positive. As it usually happens with thermodynamically
unstable Hagedorn spectra, the concrete monotonicity of T (F ) is very mild at high energies,
so that it could be affected by slight modifications of the assumptions about the high-energy
behavior, such as the location and size of threshold corrections from a concrete proposal
of UV completion (cf. [13,10] for considerations along these lines in the context of ‘Little
String Theories’).
It would be interesting to extend this analysis to the full spectrum, rather than the
P = 0 sector alone. The full spectral flow at arbitrary momentum is given by (again in
R = 1 units)
F =
1
4πλ
[√
1 + 8πλE + 16π2λ2P 2 − 1
]
. (2.18)
For large momentum, of order P ∼ E, we have F ∼ E at large energies. Therefore,
the deformation of the spectrum is less efficient for P 6= 0 and we expect the Hagedorn
behavior to be dominated by the P ∼ 0 sector. An explicit computation which upholds this
conclusion is explained in Appendix 2. In particular, it is found that the microcanonical
temperature function has the form
T (F ) = Ts
(
1 + γ′
Ts
F
+ . . .
)
, (2.19)
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where γ′ is a positive constant which equals 3/2 when the undeformed CFT is ‘compact’,
in the sense of having a discrete spectrum of conformal dimensions, and equals (3 +N)/2
when the CFT contains N additional non-compact free bosons. Therefore, summing up
all the momentum sectors amounts to a rescaling of the P = 0 heat capacity which does
not affect its sign.
3. Thermodynamical Instability Of Deformed QM
Quantum Mechanics (QM), formally a field theory in d = 1, may not be such a good
toy model for the Wilsonian challenge, but it offers the simplest arena to study the detailed
phenomenology of spectral flows [14]. In particular, any power of the Hamiltonian serves
as a d = 1 analog of the T T¯ operator, since H is an effectively ‘classical’ operator when
evaluated in states of definite energy. We can offer a heuristic derivation of this fact by
considering a quantum mechanical model with action
Sλ =
∫
dtLλ(φ, ∂tφ) . (3.1)
Let us suppose that near λ = 0 we have
Sλ ≈ S0 + λ
∫
dtO0(t) ,
with O0 an operator local in time. Consider now the following formal path-integral ex-
pression for the energy eigenvalues as a function of λ:
En(λ) = 〈n|Hλ|n〉 = − 1
Vol(R)
log
∫
[Dφ]ne−Sλ ,
where Hλ is the exact λ-dependent Hamiltonian operator, Vol(R) stands for the formal
volume of the Euclidean time line and the path integral measure is defined with appropriate
boundary conditions to capture the n-th energy eigenstate. These eigenstates have an
implicit dependence on λ. However, the Feynman–Hellmann theorem implies
∂λEn(λ) = 〈n|∂λHλ|n〉
because, for normalized states 〈ψλ|ψλ〉 = 1 we have 〈∂λψλ|ψλ〉 + 〈ψλ|∂λψλ〉 = 0. Hence,
in taking the derivative with respect to the parameter λ in the path-integral expression,
we can ignore its action on the asymptotic boundary conditions and write
∂λEn(λ) =
1
Vol(R)
∫
[Dφ]n ∂λSλ e−Sλ .
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We now generalize the leading order deformation in λ and define the local operator Oλ as
the one satisfying
∂λSλ =
∫
dtOλ(t) .
In other words, Oλ defines the infinitesimal deformation λ→ λ+ δλ for any finite value of
λ. In particular, the operator Oλ generally depends on λ. We can regard the deformation
as ‘local’ if Oλ(t) is a polynomial in φ(t) and derivatives of φ(t).
With these definitions we obtain the following spectral flow equation
∂λEn(λ) = 〈n|Oλ|n〉 . (3.2)
The disappearance of the volume factor follows from∫
dt〈n|Oλ(t)|n〉 =
∫
dteiEn(λ)t〈n|Oλ(0)|n〉e−itEn(λ) = Vol(R)〈n|Oλ(0)|n〉 .
A simple example of the form (3.2) is obtained by adding O0 = −ℓH2 to the action of
a given quantum-mechanical model. The iterated ‘quadratic’ flow is given by the solution
of
∂ℓEn(ℓ) = −En(ℓ)2 , (3.3)
which integrates to
F (E) =
E
1 + ℓE
. (3.4)
In describing this example we shall use the coupling ℓ, with dimensions of length, as the
deformation parameter. For small deformations, the quadratic flow (3.3) is pathological
at high energies when ℓ < 0, due to the pole at Epole = 1/|ℓ|. For ℓ > 0, there is no
urgent high-energy pathology, but there is potential low-energy trouble if the ground state
energy E0 is negative, in which case we must limit the deformation to be sufficiently small
ℓ < 1/|E0|. These properties are qualitatively similar to those of the T T¯ flow of d = 2.
The main difference is the rather radical UV squeezing for ℓ > 0: the whole spectrum
has a UV accumulation point, or absolute UV cutoff at ΛF = 1/ℓ, suggesting a very large
density of states near this accumulation point.
Results such as (3.4) touch upon the following point. One starts off by adding to the
Lagrangian an irrelevant operator, such as−ℓH2. The resulting Lagrangian exhibits higher
time derivatives, so that it does not lend itself to a straightforward canonical quantization
and in particular not to the exact form of the modified Hamiltonian. On the other hand,
using the finite deformation versions (3.2) and (3.3), one does obtain the exact form of
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the deformed Hamiltonian such as (3.4). An expansion in terms of a small deformation
parameters allows to identify an approximate Hamiltonian for that case.
At any rate, the flexibility of quantum mechanics allows us to consider very general
deformations. For example, we may generalize the quadratic flow (3.3) to a ‘fractional’
deformation of the form
∂λEn(λ) = −1
δ
En(λ)
1+δ (3.5)
with non-integer δ. For δ > 0 we get fractional deformations with similar properties as
(3.4) above, whereas δ < 0 gives a much milder type of deformation with little impact on
the UV spectral properties.
In looking for d = 1 analogs of the T T¯ deformation, we may emphasize different
aspects of the d = 2 deformation. The deformation (3.4) emphasizes the quadratic form
of the flow equation (3.3). Alternatively, we may follow [14] and just write down the same
final formula that we obtained in d = 2,
F (E) =
1
2ℓ
(√
1 + 4ℓE − 1
)
, (3.6)
which, by construction, has the same formal properties as the d = 2 case. In this case the
flow equation
∂ℓEn(ℓ) = − En(ℓ)
2
1 + 2ℓEn(ℓ)
differs from (3.3) by higher order terms in the control parameter ℓ. More generally, given
any regular invertible function f(x) with non-vanishing derivative f ′(x), the formal flow
equation
∂λHλ = f
′(f−1(Hλ)) (3.7)
may be solved by
F = Hλ = f
(
λ+ f−1(E)
)
, (3.8)
where f−1 is the inverse function. A crucial property of all these QM deformations H →
F (H) is the fact that the energy eigenstates remain formally untouched.
Regarding the seed theory, we also have considerable freedom. Natural examples to
consider are bosonic particles in various potentials, such as a harmonic trap, or a box in
various dimensions. On the other hand, nothing prevents us from doing a Hamiltonian
deformation of a many-body theory in arbitrary dimensions, such as a d-dimensional field
theory but, in such cases, the deformed theory is radically non-local for d > 1.
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Focusing on the d = 1 realm, any particle model with a discrete spectrum has a
characteristic high-energy microcanonical temperature,
T0(E) = bE + . . . , (3.9)
where the dots stand for subleading terms in the large-E limit and b is a model-dependent
constant (see Appendix C for a derivation of this fact). Considering for instance a particle
in a D-dimensional potential, b = 1/D for a harmonic trap and b = 2/D for a sharp,
spherical box. From this point of view, the target-space dimensionality of the QM model
plays a similar role as the central charge in d = 2.
The microcanonical temperature of the deformed theory is given by equation (2.9),
with the high energy asymptotics
T (F (E)) ≈ F ′(E) bE ,
so that any F ′(E) decaying faster than 1/E ensures a positive specific heat. In other words,
any deformation function growing faster than logarithmically will leave the deformed theory
thermodynamically stable. This is the case for the deformation (3.6), but not for the
quadratic one (3.4). The quadratic deformation being asymptotic to a constant, induces
a monotonically decreasing temperature function for the deformed theory. More precisely,
we have
T (F ) ≈ bF (1− ℓF ) , (3.10)
an inverted parabola with a maximum at Fs = 1/2ℓ and negative specific heat in the
interval 1/2ℓ < F < 1/ℓ, a form qualitatively similar to that of asymptotically flat black
holes.
This qualitative behavior generalizes to all the δ-deformations (3.5) with δ > 0,
F (E) =
E
(1 + λEδ)1/δ
, (3.11)
for which the deformed theory has the full spectrum accumulated below the maximum
ΛF = (1/λ)
1/δ and (3.10) generalizes to
T (F ) ≈ bF (1− λF δ) . (3.12)
This curve has a maximum at Fs = [(1+δ)λ]
−1/δ and vanishes linearly with derivative −b δ
as we approach the endpoint energy. Hence, beyond Fc the system has negative specific
heat.
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It is interesting to determine the critical deformation with the borderline behavior,
namely the Hagedorn case. A constant T (F ) requires F ′(E) ∼ 1/E at high energy, which
fixes the logarithmic growth for the function F (E). If we further require that the flow
equation be (3.3) at leading order in the deformation parameter, we have
F (E) =
1
2ℓ
log(1 + 2ℓE) , (3.13)
which leads to a Hagedorn temperature Ts = b/2ℓ in the deformed theory. Again, we notice
that Ts ≪ 1/ℓ when the ‘central charge’ is large, since b ∼ 1/D. The corrections which
determine the sign of the specific heat depend on details, as can be seen by examining the
two simplest examples.
Consider a harmonic oscillator with spectrum En = ω n (after shifing the vacuum en-
ergy to zero, with n a non-negative integer), the level counting function and the associated
microcanonical temperature read
N0(E) = 1 + E
ω
, T0(E) = E + ω .
Using then the basic equation (2.9) one obtains the microcanonical temperature of the
Hagedorn-defomed theory:
T (F ) =
1
2ℓ
+
(
ω − 1
2ℓ
)
e−2ℓF . (3.14)
This function increases monotonically towards the Hagedorn temperature 1/2ℓ for small
ℓ, This behavior turns over for ℓ > 1/2ω, in which case the specific heat becomes negative.
Another simple example worth considering is a particle of massm going around a circle
of radius R. In this case, the non-vacuum spectrum is two-fold degenerate, En = n
2/2mR2,
with a level function and microcanonical temperature
N0(E) = 1 +R
√
8mE , T0(E) = 2E
(
1 +
1
R
√
8mE
)
,
leading to a Hagedorn-deformed temperature function:
T (F ) =
2E(F )
1 + 2ℓE(F )
(
1 +
1
R
√
8mE(F )
)
=
1
ℓ
(
1 +
√
ℓ
4mR2
e−ℓF +O
(
e−2ℓF
))
,
(3.15)
which is monotonically decreasing at high energy, signaling a negative specific heat. Hence,
we see that small differences in otherwise natural examples are capable of tipping the
thermodynamic stability of the Hagedorn spectrum one way or another.
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We end this section by highlighting some special features which emerge for systems
that are in the framework of those which were analyzed above. In Section 1 we discussed
how symmetries that manifest themselves by leading to degeneracy among energy levels
in the seed system metamorphose but are retained in the deformed system. There are
however symmetries which manifest in different ways, an example of such a symmetry is
the SL(2,R) symmetry of the conformal [15] and superconformal QM [16,17]. In those
cases, a deformation such as (3.4) explicitly breaks the scale symmetry and this does
manifest in the deformed symmetry by having an energy spectrum cutoff at energy 1/ℓ.
However the introduction of that explicit scale is not enough to provide a normalizable
zero energy ground state for these systems; the wave functions remain unchanged. That
signature of the presence of scale invariance persists as do various symmetries present in
the supersymmetric case.
Another aspect of interest is the study of the fate of bound states under the defor-
mation. In particular consider the deformation in Eq. (3.4) for the case of the hydrogen
atom. For bound states En = −ER/n2 one obtains
F (En) =
−ER
n2 − ℓER . (3.16)
When the deformation parameter ℓ is negative, as far as the bound states are concerned,
their energies accumulate at zero as in the seed theory. The positive energies will hit a
pole at at the value 1/|ℓ|. However things become more exotic for positive values of ℓ. If
ℓER happens to have a value equal to a square of an integer j, the deformed energy of the
jth bound state will become unbounded from below, a negative infinity, and the system
will be unstable. If ℓER is not of that form then bound states whose value of n is less than√
ℓER will have a positive energy and, as they all do retain their normalizability property,
as well as their n2 degeneracy, they will be embedded in the continuum. The larger ℓ is,
the more positive bound states embedded in the continuum there will be. That could be
a very interesting condensed matter system.
4. Discussion
In this brief note we have digressed over whether T T¯ deformations represent a chal-
lenge to Wilsonian wisdom, namely the expectation that a single irrelevant operator will
not be enough to completely reconstruct the UV theory from the IR theory. In this respect,
T T¯ deformations represent an interesting middle ground, being non-trivial but still exactly
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solvable. We have focused on the high-energy behavior of various examples, from the orig-
inal T T¯ -deformed CFT in two dimensions, to quantum mechanical analogs. When the
high-energy spectrum is free from blatant instabilities, such as formally complex energies,
we notice that there is a tendency for the deformed spectra to accumulate at high-energies,
increasing the density of states. The benchmark model in d = 2 is a marginal case, with
a Hagedorn density of states, which we show to have negative specific heat, signaling a
generic instability if the theory is embedded into any UV completion with more standard
thermodynamics. For the quantum mechanical models, the effect is more drastic, as the
UV accumulation of the spectrum is quite literal with the emergence of an absolute energy
cutoff and a density of states qualitatively similar to that of black holes in flat space.
An interesting question is whether the models with strong thermodynamical instability
in the UV are ‘physically’ acceptable at all. In particular, what would be the features of
a system which has at high energy a negative specific heat, what would be the price for
that. A possible answer is that they are legal, provided we give up any pragmatic notion
of locality [6]. In standard Wilsonian theories we have a CFT governing the UV and
local operators have correlation functions defined for any non-zero time separation. In
particular, for operators of definite scaling dimension ∆ we have
〈O(t)O(0)〉 = 1|t|2∆ . (4.1)
Introducing a spectral representation we can write
〈O(t)O(0)〉 =
∫ ∞
0
dE Ω0(E)|〈E|O|0〉|2 e−iEt (4.2)
in terms of the density of states Ω0(E) = dN0/dE. The sub-exponential growth of Ω0(E),
characteristic of any QFT, ensures that the correlation is analytic as t → t − iǫ · sign(t),
so that we can define it by analytic continuation from the Euclidean counterpart. This
breaks down for densities of states with Hagedorn asymptotics or harder, such as black
holes. Therefore, we expect that time locality will accordingly break down for those quan-
tum mechanical models with Hageorn-like deformations. The case of deformed QM with
bounded maximal energy is interesting, since the integral over energies is now cutoff by
ΛF , and one may wonder if local time correlations can be defined after all.
To check this, we begin by noticing that any deformation H → F (H) will conserve
the energy eigenstates. Therefore, if we keep the operator fixed under the flow, it will
have the same matrix elements in the energy basis, Omn = 〈n|O|m〉 , before and after
the flow. For scaling operators of definite dimension ∆, dimensional analysis implies that
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the t−2∆ behavior of (4.2) is equivalent to 〈E|O|0〉 ∼ E∆. Here we use the fact that
Ω0(E) = dN0(E)/dE ∼ 1/E at high energies in QM systems. Therefore, we can write
〈F |O|0〉 = E(F )∆ when expressed in terms of the new energies. If the deformation has a
UV accumulation point, as in the case of the standard quadratic flow,
F (E) =
E
1 + ℓE
, (4.3)
with Fmax = ΛF = 1/ℓ, the correlation function at finite ℓ becomes
〈O(t)O(0)〉ℓ =
∫ ΛF
0
dF Ω(F ) |〈F |O|0〉|2 e−iF t =
∫ ∞
0
dE Ω0(E) |〈E|O|0〉|2 e−iF (E)t .
(4.4)
As E → ∞ the time-dependent phase stops oscillating due to the accumulation point in
F , so that the correlation function has a UV contribution at any finite t given by
e−it/ℓ
∫ ∞
dE Ω0(E)E
2∆ ∼ e−it/ℓ
∫ ∞ dE
E
E2∆ , (4.5)
which diverges for any ∆ ≥ 0. Hence, only operators with ∆ < 0 seem to define correlation
functions at arbitrarily small times, but then this would violate unitarity bounds, and
the answer is regular in t, with no scaling properties. These considerations generalize
verbatim to the positive delta-deformations (3.5) which share the qualitative properties of
the quadratic deformation.
Hence, we conclude that the simplest analogs of T T¯ -deformation in quantum me-
chanics, featuring spectral accumulation points, tend to change the UV in a way that
jeopardizes locality, even in its weakest forms.
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Appendix A. Logarithmic Corrections To Cardy’s Formula
The high-energy density of states has a rather universal behavior for two-dimensional
CFTs. In particular, this universality extends to the corrections to Cardy’s classic result.
To discuss this, we can evaluate the density of states by inverting the expression for the
modular invariant partition function:
Z(τ, τ¯) = Tr q L0−c/24 q¯ L¯0−c¯/24 =
∫
dε dε¯ ρ(ε, ε¯) e2πiτε−2πiτ¯ε¯ , (A.1)
where q = e2πiτ , q¯ = e−2πiτ¯ and
ρ(ε, ε¯) =
∑
α
δ(ε− εα) δ(ε¯− ε¯α) (A.2)
denotes the density of states as a function of the ‘chiral energies’, related to the conformal
dimensions (∆, ∆¯) by the expressions ε ≡ ∆−c/24 and ε¯ ≡ ∆¯− c¯/24. The standard energy
and momentum of the theory on a circle of unit radius are E = ε + ε¯ and P = ∆ − ∆¯ =
ε− ε¯+(c− c¯)/24. This change of variables determines the relation to the density of states
as a function of energy and momentum:
ρ(ε, ε¯) dε dε¯ = Ω(E, P ) dE dP ,
which gives ρ(ε, ε¯) = 2Ω(E, P ). Therefore, the inversion formula for the density of states
as a function of energy and momentum is given by
Ω(E, P ) =
1
2
ρ(ε, ε¯) =
1
2
∫
Γ
dτ e−2πiτε
∫
Γ¯
dτ¯ e2πiτ¯ ε¯Z(τ, τ¯) . (A.3)
In this formula τ and τ¯ are regarded as independent integration variables. The contour
Γ runs parallel to the real τ axis, with positive Im τ large enough to lie entirely on the
analyticity domain of the partition function. The contour Γ¯ lies similarly at a fixed and
sufficiently negative value of Im τ¯ .
Following [11], it is convenient to rewrite the partition function as
Z(τ, τ¯) = q−
ceff
24 q¯−
c¯eff
24 Z˜(τ, τ¯) , (A.4)
where ceff = c− 24∆0, c¯eff = c¯− 24∆¯0 and (∆0, ∆¯0) are the lowest conformal dimensions.
The renormalized partition function
Z˜(τ, τ¯) = Tr qL0−∆0 q¯ L¯0−∆¯0 =
∑
α
e2πiτ(∆α−∆0)−2πiτ¯(∆¯α−∆¯0) (A.5)
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has the crucial property that, for unitary CFTs with real and discrete spectrum of con-
formal dimensions, it approaches a constant with exponential accuracy as Im τ →∞ and
Im τ¯ → −∞. This limiting constant is N (0), i.e. the degeneracy of the ground state.
Under these circumstances, we can use the modular invariance of the partition func-
tion, Z(τ, τ¯) = Z(−1/τ,−1/τ¯), to rewrite (A.3) in the form
ρ(ǫ, ε¯) =
∫
dτ dτ¯ e−2πiτε+
2piiceff
24τ e2πiτ¯ ε¯−
2piic¯eff
24τ¯ Z˜(−1/τ,−1/τ¯) . (A.6)
Now, in the limit that ε and ε¯ are large, this integral is dominated by saddle points
τs = i
√
ceff
24 ε
, τ¯s = −i
√
c¯eff
24 ε¯
, (A.7)
which sit in the region where Z˜(−1/τ,−1/τ¯) is exponentially close to the constant N (0).
Evaluating both integrals in the gaussian approximation one finds
ρ(ε, ε¯) ≈ N (0) ceff c¯eff π
3
18
eSL+SR
(SL SR)
3/2
, (A.8)
up to corrections in inverse powers of SL, SR, where
SL(ε) = 2π
√
ceff
6
ε , SR(ε¯) = 2π
√
c¯eff
6
ε¯ . (A.9)
It is interesting to remark that, for CFTs with integer-spaced conformal dimensions, it is
possible to sum all power corrections into
ρ(ε, ε¯) ≈ N (0) π
4
9
ceff
I1(SL)
SL
c¯eff
I1(SR)
SR
, (A.10)
where I1(x) is a modified Bessel function, the remaining corrections being exponentially
suppressed in SL,R (cf. [12]).
From (A.8) we can deduce the density of states in the undeformed theory, projected
to the zero-momentum sector and finally the critical exponent γ in (2.10). Focusing on
left-right symmetric CFTs with c = c¯ we find
Ω0(E)
∣∣∣
P=0
= Ω0(E, 0) =
2π3c2
9
eSC(E)
SC(E)3
(1 +O(1/SC)) , (A.11)
with SC(E) = 2π
√
cE/3 the Cardy entropy. In (A.11) and below, we simplify the notation
by writing c in place of ceff , with the understanding that we actually mean ceff whenever
the two are different.
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In order to compute the microcanonical temperature we need to integrate (A.11) once
with respect to the energy to obtain
N0(E)
∣∣
P=0
=
πc
3
eSC(E)
SC(E)2
(1 +O(1/SC)) , (A.12)
which leads to the microcanonical entropy with γ
∣∣
P=0
= 2,
S0(E)
∣∣
P=0
= SC(E)− 2 logSC(E) + log(πc/3) +O(1/SC) , (A.13)
and finally the microcanonical temperature quoted in (2.12). Incidentally, the same meth-
ods can be used to compute the full density of states as a function of the energy, after
integrating over momenta, Ω0(E) =
∫
dP Ω0(E, P ). The most efficient way of doing this
is to go back to (A.1) and set τ = iτ2 to be pure imaginary. Then one replaces (A.3) by
the standard Laplace inversion formula, with a single contour integral, and finally obtains
δ = 3/2 and γ = 1/2, in the notation of equations (2.6) and (2.7).
It is interesting to discuss how these results are modified when the requirement of
‘compactness’ of the CFT is lifted.4 After all, the simplest example of a T T¯ deformation
starts from a free boson, which has a continuous spectrum of conformal dimensions. We
can discuss this particular example by regularizing the theory as a free compact boson
with radius r. More generally, we can consider a CFT which is the direct product of a
compact CFT of central charge c′ and N such bosons, which contribute a sigma model
factor whose target space is a straight torus of volume (2πr)N . The total central charge is
c = c′ +N and the modular-invariant partition function is given by
Z(τ, τ¯) =
[
r√
2
(Im τ)−1/2
|η(τ)|2
]N
· Z ′(τ, τ¯) (A.14)
in the r →∞ limit (cf. for instance [18]). Here η(τ) = q1/24∏∞n=0(1−qn) is Dedekind’s eta
function and Z ′(τ, τ¯) is the partition function of the compact CFT. Since the total partition
function is proportional to the divergent volume of the target space, |TN | = (2πr)N , the
resulting density of states will be defined per unit volume of this target space.
Following the same strategy as in the compact case, we notice that the function
Z˜(τ, τ¯) =
Z˜ ′(τ, τ¯)
|ϕ(τ)|2N , with ϕ(τ) ≡ q
−1/24 η(τ) , (A.15)
4 We thank O. Aharony for discussions on this issue.
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has the property of approaching a constant exponentially fast, as Im τ →∞. In this case
this constant is N ′(0), the vacuum degeneracy of the compact CFT factor.
We can now write an inversion formula analogous to (A.6):
ρ(ε, ε¯) =
|TN |(
π
√
8
)N ∫ dτ dτ¯ e−2πiτε+ 2piic24τ e2πiτ¯ ε¯− 2piic¯24τ¯ ( 2iτ τ¯(τ − τ¯)
)N
2
Z˜(−1/τ,−1/τ¯) .
(A.16)
The rational power in the integrand comes from the modular transformation of (Im τ)−N/2,
written in terms of τ and τ¯ , in order to make explicit the fact that the integration in (A.16)
treats these two variables as independent. In the limit of large chiral energies, this integral
is dominated by the same saddle points (A.7), up to small corrections induced by the
power term in the integrand. Explicit evaluation in the gaussian approximation yields a
modification of (A.10) which amounts to the substitution
N (0) −→ N ′(0) |TN |(
π
√
8
)N ( 2iτsτ¯s(τs − τ¯s)
)N
2
, (A.17)
with τs and τ¯s given by the expressions (A.7). Upon explicit calculation, we obtain the
final substitution rule
N (0) −→ N ′(0) |TN |
( c
48π
)N/2 1
(SL + SR)N/2
. (A.18)
This means that the critical exponent controlling the P = 0 specific heat of the deformed
theory is now given by
γ
∣∣
P=0
= 2 +
N
2
, (A.19)
a result which does not change the thermodynamical stability properties of the deformed
theory.
Appendix B. Estimating The Sign Of The Full Heat Capacity
For simplicity, our analysis of the thermodynamic stability in section 1 was restricted
to the zero-momentum sector. As remarked in (2.18), the spectral ‘squeezing’ is less
pronounced in the P 6= 0 sectors. Therefore, we expect that the negativity of the heat
capacity will be maintained when the finite-momentum sectors are summed up in the
computation of the density of states. In this appendix we provide a formal argument
supporting this expectation.
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Given the density of states in the deformed theory as a function of energy and mo-
mentum, Ω(F, P ), we can obtain the integrated density which depends only on energies
as
Ω(F ) =
∫ P+
P
−
dP Ω(F, P ) , (B.1)
where the endpoints P± in general depend on F and satisfy P− < 0 < P+ and |P+| = |P−|.
At high undeformed energies E ≫ 1, in units of the circle’s radius (R = 1), we have
P± ≈ ±E. Substituting this into the inverted form of (2.18) at general momentum,
E = F + 2πλF 2 − 2πλP 2 = F + F
2
Fs
− P
2
Fs
, (B.2)
where we recall the definition of the critical energy Fs = 1/2πλ, in units R = 1. Solving
for P± in the Hagedorn regime F ≫ Fs, we find P± ≈ ±F .
The function Ω(F ) can be related to the undeformed densities of states as follows.
The general expression for the deformed density is
Ω(F, P ) =
∑
α
δ(F − Fα) δ(P − Pα) ,
where Fα and Pα are the actual discrete values of the energy and momenta in the state
|α〉. Changing variables to undeformed energies we can write
Ω(F (E, P ), P ) =
∑
α
1
|∂EF |δ(E − Eα) δ(P − Pα) .
By explicit computation,
∂EF =
1
1 + 4πλF
,
which leads to
Ω(F, P ) = (1+4πλF )
∑
α
δ(E(F, P )−Eα) δ(P−Pα) = (1+4πλF )Ω0(E(F, P ), P ) , (B.3)
in terms of the undeformed density of states
Ω0(E, P ) =
∑
α
δ(E − Eα) δ(P − Pα) ,
whose leading high-energy behavior scales as
Ω0(E, P ) ∝ 1
(SC(E + P ) + SC(E − P ))N/2
eSC(E+P )/2
SC(E + P )3/2
eSC(E−P )/2
SC(E − P )3/2 + . . . (B.4)
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In this expression, we have written SL and SR from (A.8) in terms of SC and kept only
the leading and next-to-leading terms at large energies. Furthermore, in addition to the
general scaling from (A.8), we have included a term of the form (A.18) to incorporate the
possible occurrence of non-compact factors, such as N free bosons.
The resulting density of states of the deformed theory reads
Ω(F, P ) ∝ (1 + 2F/Fs) eh(F,P ) , h(F, P ) ≡ log Ω0 (E(F, P ), P ) . (B.5)
The function h(F, P ) = f(E(F, P ), P ) is even in P and maximal at P = 0. This justifies
the approximation of the density of states by the maximum at zero momentum. In order
to estimate the quantitative effect of actually integrating over all momenta, we evaluate
(B.1) in the saddle-point approximation:
Ω(F ) ∝
(
1 + 2
F
Fs
) √
− 2π
hPP (F )
eSC(E(F,0))
SC(E(F, 0))3+
N
2
(1 +O(1/SC)) , (B.6)
where hPP (F ) is the second derivative
hPP (F ) =
∂2
∂P 2
h(F, P )
∣∣∣
P=0
.
Recalling that SC(E(F )) ≈ F/Ts as F ≫ Fs, direct evaluation of this derivative in the
Hagedorn regime yields
hPP (F ) ≈ −4π
2c
3
Ts
Fs
1
F
.
This means that the width of the distribution around the maximum at P = 0 is propor-
tional to
√
F , smaller than the support of the integral (B.1), which is of order 2|P+| ∼ F .
Under these circumstances, we can neglect the corrections to (B.6) coming from the cut
tails and conclude that
Ω(F ) ∝ F 3/2 e
F/Ts
F 3+
N
2
+ . . . . (B.7)
Integrating once with respect to F we obtain the deformed level-counting function
N (F ) ∝ e
F/Ts
F
3+N
2
+ . . . (B.8)
which leads to an asymptotic microcanonical temperature
T (F ) = Ts
(
1 +
3 +N
2
Ts
F
+ . . .
)
, (B.9)
with negative heat capacity.
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Appendix C. WKB approximation to the microcanonical temperature in QM
The high-energy asymptotic behavior of the microcanonical temperature in QM,
T (E) ≈ bE, can be established in the WKB approximation, which should be justified
precisely at high excitation levels, when sums over states can be approximated by inte-
grals. Let us consider a particle in D dimensions with Hamiltonian
H(~p, ~q ) =
~p 2
2m
+ V (~q ) , (C.1)
whose potential ensures bounded motion at fixed energy and thus a discrete spectrum.
The WKB formula for the density of states reads (we set h¯ = 1)
Ω(E) ≈
∫
dDp dDq
(2π)D
δ (E −H(~p, ~q )) = m |S
D−1|
(2π)D
∫
dDq [2m(E − V (~q )]D−22 , (C.2)
where |SD−1| is the volume of the corresponding unit sphere and we have evaluated the
momentum integral in the last equality. Further assuming spherical symmetry we have
Ω(E) ≈ m |S
D−1|2
(2π)D
∫
qD−1 dq [2m(E − V (q))]D−22 . (C.3)
Extracting a power of E
D−2
2 from the integral, the dependence on the potential is propor-
tional to V (q)/E, thus the value of the potential away from the ‘turning points’ V (qE) = E
is not relevant in the large-E limit. This suggests that the qualitative behavior is the same
as that of a free particle in a box, which indeed has T (E) ∝ E.
The proportionality coefficient depends on the details of the potential. If V (q) is
polynomial with a highest power V (q) ∼ qn, a rescaling of the integration variable by
q → E1/n q shows that
Ω(E) ∝ E a , a = D − 2
2
+
D
n
.
Hence, the entropy scales like S(E) ∼ (a+ 1) log(E) and the microcanonical temperature
reads
T (E) ≈ bE , b = 1
a+ 1
=
2n
(n+ 2)D
. (C.4)
We find b = 1/D for the harmonic oscillator and b = 2/D for the sharp spherical box,
which is obtained in the formal n→∞ limit.
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